It is shown that formulas for the radiative power loss and radiation reaction from a charge can be derived from the kinetic power (rate of change of the kinetic energy) of its electric inertial mass. The derivation assumes a non-relativistic but otherwise an arbitrary motion of the charge. We exploit the fact that as the charge velocity changes because of a constant acceleration, there are accompanying modifications in its electromagnetic fields which can remain concurrent with the charge motion because the velocity as well as acceleration information enters into the field expression. However, if the acceleration of the charge is varying, information about that being not present in the field expressions, the electromagnetic fields get "out of step" with the actual charge motion. Accordingly we arrive at a radiation reaction formula for an arbitrarily moving charge, obtained hitherto in literature from the self-force, derived in a rather cumbersome way from the detailed mutual interaction between various constituents of a small charged sphere. This way we demonstrate that a power loss from a charge occurs only when there is a change in its acceleration and the derived instantaneous power loss is directly proportional to the scalar product of the velocity and the rate of change of the acceleration of the charge.
Introduction
The radiation reaction was first proposed by Lorentz [1, 2] and later Abraham [3] and Lorentz [4] derived it in detail for an arbitrarily moving small charged sphere, and is available in various forms in many textbooks [5, 6, 7, 8, 9, 10, 11] . The formula, hitherto obtained in literature in a rather cumbersome way, is evaluated from the detailed mutual interaction between constituents of the charged sphere. The self-force turns out to be proportional to the rate of change of acceleration, independent of the radius of the small sphere. One obtains the instantaneous radiative power loss formula by a scalar product of the self-force with the velocity of the charge. The same formula for the radiative power loss is also obtained from the Poynting flux in the neighbourhood of a "point charge" in arbitrary motion [12] . Further, the radiation reaction formula has been derived also from the rate of electromagnetic momentum flow, calculated using the Maxwell stress tensor, across a surface surrounding the neighborhood of a point charge, [13] .
However this power loss formula does not agree with the standard Larmor's formula, where one calculates the Poynting flux through a spherical surface of large enough radius r centered on the charge. The flux turns out to be proportional to the square of acceleration (∝v 2 ) [5, 6, 8] .
There is extensive literature on this controversy of which of these two formulas gives correct description of radiative losses [14, 15, 16, 17] . Larmor's formula leads to wrong conclusions in the instantaneous restframe of an accelerated charge, where the charge has no velocity and thus no kinetic energy to be lost into radiation. On the other hand Larmor's formula predicts a continuous radiative loss proportional to the square of acceleration even for an instantly stationary charge. Often an extra accelerationdependent term called Schott energy is introduced to make the two formulas conform to each other [9, 18, 19, 20, 21, 22] . But recently it has been explicitly shown that the Poynting flux passing through a spherical surface of vanishingly small dimensions surrounding the charge, in its instantaneous rest-frame, is zero [12] . Actually in all neighbourhood of the charge in its instantaneous rest-frame, the transverse terms of the time-retarded velocity fields cancel the acceleration fields, which were responsible in Larmor's formula for radiation. This removes the need for the accelerationdependent Schott-energy term, introduced in the literature on an ad hoc basis to comply with law of energy conservation.
The radiation reaction formula could also be derived from Larmor's formula of radiative losses using the law of energy conservation [5, 6, 8] , but only if the Schott term remains unchanged at the ends of the time interval considered, which happens if the motion is cyclic. Momentum conservation also remains a problem in Larmor's radiation picture. The radiation pattern of an accelerated charge has a sin 2 φ dependence about the direction of acceleration [5, 6, 8] . Due to this azimuthal symmetry the net momentum carried by the radiation is nil. Therefore the charge too cannot be losing momentum, even though it is undergoing radiative losses. Thus we have a paradox of a radiating charge losing its kinetic energy but without a corresponding change in its linear momentum. An effect of this inconsistency appears in a synchrotron radiation case, where Larmor's formula leads to conVolume/Issue/Article Number 2 www.physedu.in clusions about the dynamics of the radiating charge that are not conversant with special relativity [23, 24] . However no such inconsistency arises when one makes use of the radiation reaction formula to calculate energy-momentum losses of the radiating charge [25] .
More recently it has been shown that the two formulas are compatible and no controversy really arises if one keeps a proper distinction between the retarded time and the real time [26] . In particular, one gets Larmor's formula, with radiative losses proportional to the square of the acceleration if one expresses the radiated power in terms of quantities describing motion of the charge at the retarded time. On the other hand if the motion of the charge is expressed in terms of real time ("present") quantities, then one arrives at the power loss formula usually derived from the radiation reaction formulation, i.e., the radiative power loss proportional to the scalar product of the velocity and the first time derivative of the acceleration of the charge.
Without going any further into the controversy between the two radiation loss formulas, here we show that the radiation reaction formula can be derived in an alternative way, from the mechanical motion of the charge if one takes the electrical mass of the charge as its inertial mass. For this we shall make use of the kinetic power, i.e., a temporal rate of change of the kinetic energy, of the charge to derive a formula for radiative losses of the charge.
Electric inertial mass of a charge
The electromagnetic field momentum is given by the volume integral [5] 
For a charge moving with a non-relativistic, uniform velocity v o , one can evaluate the above volume integral to get for the electromagnetic field momentum
with an electric mass defined as m el = 4U 0 /3c 2 [27] , where U 0 = e 2 /2r o is the energy in self-fields of the charge in its rest frame (assuming a uniformly charged spherical shell of radius r o ). The factor of 4/3 in the inertia of electric mass has long since been highly annoysome. Poincaré [28] pointed out that in a real charged particle, there must be some non-electrical (!) "binding" forces to balance the Coulomb self-repulsion of the charge, which would remove the factor of 4/3. However these non-electrical binding forces are not represented in the expressions of the electromagnetic fields and an explanation for this factor of 4/3 must be found within the electromagnetic theory itself. It has been explicitly shown [29] that this extra factor in the expression for the total electromagnetic momentum of the charge arises because of the energy flow associated with the electromagnetic self-repulsion force within the charge Volume/Issue/Article Numberconstituents. The net force on one hemisphere of the charge is along the direction of motion, and on the remaining hemisphere it is in a direction opposite to the motion. Therefore as the charge moves, a positive work is being done by self-force on the forward hemisphere, while an equal amount of work is being done by the backward hemisphere against the self-force. Though there is no net increase in the energy of the total system, yet because of the electromagnetic self-force there is a continuous flow of energy across the charged sphere between its two halves, implying a corresponding momentum due to this energyflow. This momentum is important even for non-relativistic velocities and gives 1/3rd additional contribution to the otherwise momentum of the charge [29] , thereby explaining this intriguing factor of 4/3 in the total electromagnetic momentum.
Electromagnetic field momentum of a uniformly accelerated charge
Electromagnetic field of a charge e, from the laws of electrodynamics, is determined at time t by the charge motion (v andv) at the retarded time t ′ = t − r/c [5, 30] .
The first term on the right hand side, which fall with distance as 1/r 2 , is called velocity fields while the second term, falling with distance as 1/r, is called the acceleration fields, the latter generally assumed to be solely responsible for radiation from the charge. It is a standard practice to assign the Poynting flux, calculated using acceleration fields, through a spherical surface, say Σ, of radius r = c(t − t ′ ), centered on the charge position at the retarded time t ′ , as the radiation losses by the charge at time t ′ , to get Larmor's formula for radiative losses [5, 6, 8] . However, Poynting theorem tells us that the rate of the kinetic energy loss by charge at present time t = t ′ + r/c (and not at retarded time t ′ ) is related to the instantaneous outgoing electromagnetic power (Poynting flux) at t from the surface Σ [5, 6, 8] . It may though be recalled that the fields at the surface Σ are determined by the motion of the charge at the retarded time t ′ (Eq. (3)). This might appear to be a break down of causality, after all, how come the Poynting flux determined from the motion of the charge in past, i.e., at an earlier time t ′ , is being equated to the kinetic energy-loss rate of the charge at a later time t? How can one be sure that the charge will not behave erratic between t ′ and t, thus while keeping the Poynting flux unaffected (which is already decided by the charge motion at t ′ ) but modifying the kinetic power loss rate of the charge? Actually, even the charge motion at the present time t follows from the charge motion at t ′ , determined by the laws of mechanics, and thus both the electromagnetic fields on the surface Σ as well as the Volume/Issue/Article Number 4 www.physedu.in
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Publication Date charge motion at time t are determined by the charge motion at t ′ and there is no conflict with the causality. Let us first consider the case of a uniform accelerationv. The charge motion due to acceleration is,
were v,v on the right hand side represent respectively the velocity and acceleration of the charge at the retarded time t ′ , while v o ,v o on the left hand side represents the corresponding values at the present time t.
For our considerations, we assume the charge motion to be non-relativistic, where Lorentz contraction may not play any role and the moving charge continues to be a uniformly charged sphere of radius r o , as when it is at rest.
Using the vector identity v = n(v.n) − n × {n × v} in the expression for electric field (Eq. (3)), the electric field for a nonrelativistic motion of the charge, thereby dropping all terms which are non-linear in v or its derivatives, can be written as
Now, in the case of a uniform acceleration, the retarded value of the velocity will be v = v o −vr/c (Eq. (4)). Then Eq. (6) for the electric field becomes
with the magnetic field given by
This begets for the Poynting flux
In the case of a uniformly accelerated charge, evidently, there is no term proportional tov 2 , independent of r, which is usually called the radiated power. Instead, the Poynting flux (Eq. (9)) is merely what would be for a charge moving with a uniform velocity v o . Now in the instantaneous rest-frame of the charge, v o = 0, which means Poynting flux is zero (Eq. (9)). In fact, everywhere, the transverse component of the electric field is zero, and so is the magnetic field. Incidentally Pauli [31] first pointed it out that magnetic field is throughout zero in the instantaneous rest-frame of a uniformly accelerated charge, indicating the absence of radiation from a uniformly accelerated charge.
We can substitute for E and B from Eqs. (7) and (8) in Eq. (1) to calculate the electromagnetic field momentum of a uniformly accelerated charge, having a non-relativistic motion. The transverse component of the electric field makes a nil contribution to the volume integral in Eq. (1). In fact, the only finite contribution to the electromagnetic field momentum comes from the first radial term Volume/Issue/Article Number 5 www.physedu.in
Publication Date (en/r 2 ) in Eq. (7) to yield
This is the electromagnetic field momentum in the volume outside the sphere of radius r o . One gets exactly the same expression (Eq. (2)) for the electromagnetic field momentum for a charge moving with a uniform velocity equal to the "present velocity", v o , of the uniformly accelerated charge. It has been shown explicitly elsewhere that the self-field energy-momentum of a charge moving with a uniform velocity can be represented by the kinetic energymomentum of the charge, provided its electric mass is taken as its inertial mass [27, 29] . It has also been shown that for a uniform acceleration, the contribution of the acceleration fields to the total field energy of the charge is just sufficient to match exactly the amount needed for its velocity-dependent self-field energy based on its extrapolated motion at a future time [32] . This is possible since both make use of the velocity and acceleration of the charge at t ′ , and things in mechanics and electrodynamics are such that the rates of change of energy from both at any later time t(> t ′ ) remain synchronized for a uniformly accelerated charge. We have also presently shown that for a uniformly accelerated charge, but with a nonrelativistic motion (see [32] for a full relativistic treatment), total Poynting flux, including from both velocity and acceleration field terms, at any time is just equal to that of a charge moving uniformly with a velocity equal to the instantaneous "present" velocity of the accelerated charge. Further, it was shown that there is no excess flux in fields that could be treated as radiation, over and above that implied from the instantaneous "present" velocity of a uniformly accelerated charge.
It follows that in the case of a uniformly accelerated charge, its rate of change in kinetic energy is concurrent with the rate of change in its electromagnetic field energy, and is therefore given by the scalar product of its instantaneous velocity with the rate of change of its electromagnetic momentuṁ
4 Radiative losses from a charge moving arbitrarily
As long as the charge continues to move with acceleration equal to that at the retarded time (i.e., a uniform acceleration) no mismatch in field energy takes place. However, a mismatch in the field energy with respect to the kinetic energy of the charge could occur when charge moves with a nonuniform acceleration since there is no information in the field expressions about the rate of change of acceleration of the charge (cf. Eq. (3)). In that case the "real" velocity of the charge differs from the extrapoVolume/Issue/Article Number 6 www.physedu.in lated value obtained from the value of acceleration at the retarded time and the kinetic energy due to the actual velocity no longer agrees with that determined by the acceleration at the retarded time. Then the total energy in electromagnetic fields does not correspond to that expected in self-field because of the "real" velocity of the charge, and it is this difference in the field energy that could be said to be the power loss due to radiation. Thus, in the case of a non-uniform acceleration there will be a mismatch in the field energy with respect to the kinetic energy, calculated from the actual velocity of the charge, since the rate of change of accelerationv does not enter in the electromagnetic field expression (Eq. (3)), while it does determine the actual velocity of the charge (after all that is howv gets defined).
We consider a non-relativistic motion of a uniformly charged spherical shell of radius r o , moving initially with a uniform accelerationv up to some time t ′ and then a rate of change of acceleration,v, is imposed on the charge motion. Now at a time t o = t ′ + r o /c the information about the change in acceleration has not yet gone beyond r o , hence the electromagnetic fields and the energy-momentum in them outside the charge radius r o are unaffected by the imposition ofv on the charge motion at t ′ . Therefore the electromagnetic energymomentum in fields external to the charge continues at t o to be that of a uniformly accelerated charge, and thus determined from v andv at t ′ . Thus energy in the fields mimics the extrapolated value of the kinetic energy of the charge, with electric mass of the charge taken as its inertial mass, for its erstwhile uniform acceleration [27, 29, 32] . However, due to a change in the acceleration (v), the actual kinetic energy of the charge at t o is no longer that determined from v andv alone, as it will containv-dependent terms too. Thus by comparing the change in the mechanical power between the two cases (i.e., uniform acceleration and non-uniform acceleration cases), one should be able to calculate the excess power going in the fields above the actual rate of change of the kinetic energy of the charge.
Laws of mechanics determine the actual charge motion at t o , takingv also into consideration
The electrodynamics fields (Eq. (3)) do not take into consideration any rate of change of acceleration. For a finite rate of change of acceleration, the velocity and thereby kinetic energy of charge at t o would contain v, meaning charge would have different kinetic energy than what went into its electromagnetic fields, the latter not takingv into account. The expression for the kinetic power is,
which for a uniform acceleration case (v o = Volume/Issue/Article Number 7 www.physedu.in
Publication Date 0) from Eqs. (4) and (5) is,
The expression for the power going into the kinetic energy of the charge in a nonuniform acceleration case (v o = 0), from Eqs. (12), (13) and (14) is
But this is not the power going into the changing electromagnetic fields of the charge, which does not involvev (see Eq. (3)) and is still given by P 1 (Eq. (15)). The excess rate of power, ∆P, going into the fields over and above the actual kinetic power of the charge (P 1 − P 2 ) then is,
which to the lowest order in t o − t ′ (= r o /c) is
Substituting for the electric mass of a charge, m el = 2e 2 /3r o c 2 , the excess power in the electromagnetic fields is,
This is the formula for power losses from a radiating charge.
We can write this power loss being due to a radiative drag force F as the charge moves with a velocity v o .
or
Since in Eq. (21) 
Here it could be objected that one could add to F any arbitrary vector A such that v o × A = 0, and still satisfy Eq. (21) . For instance, the force on a charge in a magnetic field B is proportional to v o × B. However, since no power loss results in such a case, it does not represent any radiation reaction force. Therefore Eq. (22) remains valid for the radiation reaction force. This formula for radiative drag force or radiation reaction is the same as derived in literature from the self-force of a charged sphere. But we have here derived radiation reaction and the radiative losses from the kinetic power of the electric inertial mass of a charged particle.
It has sometimes been stated in the literature [16] [23, 24] .
In an assumedly uniform and homogeneous magnetic field, a charge will be moving in a helical path with a velocity component v = v cos ψ, parallel to the magnetic field, where ψ is the pitch angle (i.e., angle with respect to the magnetic field vector) of the charge. Since the radiation is confined to a narrow cone around the instantaneous direction of motion of the charge [5, 8, 33] , from Larmor's formula (or rather from Liénard's formula), any radiation reaction on the charge will be in a direction just opposite to its instantaneous velocity vector [34, 35] , implying no change in the pitch angle of the charge. Thus the ratio v ⊥ /v = tan ψ, will not change. However, there is something amiss in the above arguments and the above picture is not consistent with the special theory of relativity. A more careful consideration shows that in the case of synchrotron losses, the velocity component parallel to the magnetic field (v ) of the charge remains unaffected, while magnitude of v ⊥ steadily decreases due to radiative losses and as a consequence the pitch angle of the radiating charge in general changes, with the charge motion gradually getting aligned with the magnetic field direction [25] . Thus the dynamics of the charged particle computed from only the radiation reaction formula yields a picture consistent with the special relativity.
Conclusions
From mechanical considerations of electric inertial mass of a charge formulas, for radiation reaction and the radiative losses were derived. The derivation made use of the fact that, 1. A moving charge has an electromagnetic field momentum which we can infer from classical mechanics if one uses its electric inertial mass.
2. In the case of a uniformly accelerated charge, its rate of change in kinetic energy is concurrent with the rate of change in its electromagnetic field energy, and is given by the scalar product of its instantaneous velocity with the rate of change of its electromagnetic momentum.
3. In the case of a varying acceleration, the energy in the electromagnetic fields changes at a different rate than the rate of change of kinetic energy of the charge and it is this energy difference that is not represented in the actual motion of the charge and is thus effectively detached from it can be called as radiated away.
The accordingly derived instantaneous power loss turns out to be directly proportional to the scalar product of the velocity Volume/Issue/Article Numberand the rate of change of acceleration of the charge as derived earlier in literature from radiation reaction due to the self-force of the charge.
